H. T. Zhu

e-mail: ya57401@umac.mo

G. K. Er

Associate Professor
e-mail: gker@umac.mo

V. P. lu

Professor
e-mail: vaipaniu@umac.mo

K. P. Kou

Associate Professor
e-mail: kpkou@umac.mo

Department of Civil and Environmental
Engineering,

University of Macau,

Macao SAR, People’s Republic of China

Probability Density Function
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The stationary probability density function (PDF) solution of the stochastic responses is
derived for nonlinear oscillators subjected to both additive and multiplicative Poisson
white noises. The PDF solution is governed by the generalized Fokker—Planck—
Kolmogorov (FPK) equation and obtained with the exponential-polynomial closure
(EPC) method, which was originally proposed for solving the FPK equation. The ex-
tended EPC solution procedure is presented for the case of Poisson pulses in this paper.
In order to evaluate the effectiveness of the solution procedure, nonlinear oscillators are
investigated under multiplicative Poisson white noise excitation on velocity and additive
Poisson white noise excitation. Both weakly and strongly nonlinear oscillators are con-
sidered, respectively. In the numerical analysis, both the unimodal and bimodal station-
ary PDFs of oscillator responses are obtained with the EPC method and Monte Carlo
simulation. Compared with the simulation results, good agreement is achieved with the
presented solution procedure in the case of the polynomial degree being 6, especially in
the tail regions of the PDFs of the system responses. [DOI: 10.1115/1.4000385]
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1 Introduction

Poisson white noise represents a discrete excitation process as a
sequence of independent, identically distributed pulses arriving at
random times. It has been applied to model the loadings induced
by earthquakes, wind loads, shock waves, or traffic loads. Further-
more, some systems can be described with nonlinear oscillators
excited by Poisson white noises. In the case of multiplicative ex-
citation being Gaussian white noise, a well known Wong and Za-
kai [1] or Stratonovich [2] correction term is added to the drift
term [1,2] when a physical differential equation is transferred to
an [t0 type stochastic differential equation. This modification term
takes into account the local irregularity of the Brownian motion
process and is widely adopted in the studies on Gaussian multi-
plicative excitation. Corrective terms are also introduced for mul-
tiplicative Poisson white noise excitations [3—12]. If the excitation
is Poisson white noise, the probability density function (PDF) of
system responses is governed by the generalized Fokker—Planck—
Kolmogorov (FPK) equation [13,14]. In order to solve the gener-
alized FPK equation, a perturbation scheme was adopted for the
system with external excitation [13] and extended to the system
with either external excitation or multiplicative excitation on dis-
placement [14]. With the perturbation scheme, a suitable initial
solution and a small perturbation parameter needs to be prelimi-
narily determined. Subsequently, other approximation or numeri-
cal methods were also proposed for analyzing the oscillators un-
der external Poisson white noise excitation, such as Petrov—
Galerkin method [15] and cell-to-cell mapping (path integration)
technique [16,17]. The effectiveness of these two approaches was
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briefly discussed in Ref. [18]. It is observed that the Petrov—
Galerkin technique behaves well in the case that the mean arrival
rate of Poisson white noise is high whereas the cell-to-cell map-
ping technique is suitable in the case that the mean arrival rate of
Poisson white noise is low as stated in Ref. [18]. Finite difference
method [19,20] was also employed to solve the generalized FPK
equation in the case that the system excitation is external. With
this method, the characteristic function is derived first and then
the response PDF is obtained by an inverse numerical Fourier
transformation of the characteristic function. The selection of an
insufficient domain may result in inaccurate values of the PDF
solution or response moments. Possible negative PDF value in the
tail regions may also be obtained with the finite difference
method. Recently, an inverse solution procedure was adopted to
obtain the exact solution of some derived systems in some special
cases [21-23]. The system functions are derived based on the
prescribed PDF, which is highly restricted and difficult to apply
directly in practice. Besides the above methods for obtaining the
PDF solution to the generalized FPK equation, some approaches
were also developed for obtaining the statistical moments of the
responses of the systems excited by Poisson white noise. Equiva-
lent linearization (EQL) procedures for the systems with external
Poisson excitation [24-27] were extensively investigated and uti-
lized for obtaining the statistical moments. When impulse arrival
rates are high and the system nonlinearity is weak, the EQL pro-
cedures can be appropriate for the second moment estimation. The
response moments of the systems under multiplicative Poisson
excitation were investigated with various linearization techniques
[28]. The linearization techniques originally developed for the
systems under multiplicative Gaussian excitation were extended
and examined for the systems under multiplicative Poisson exci-
tation. It indicates that the results obtained with different linear-
ization techniques are at the same level of accuracy in the case of
purely external excitation whereas the obtained results are incon-
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sistent in the case of multiplicative excitation. The cumulant-
neglect closure procedure was also utilized to analyze the systems
under external Poisson white noise [29,30] and the systems under
multiplicative Poisson white noise [5]. The response moments ob-
tained with the cumulant-neglect closure procedure can be good in
the case that the system nonlinearity is slight and the impulse
arrival rate is high.

From the above, it is seen that finding the PDF solution of the
system responses is a challenge problem if the excitations in the
oscillator are Poisson white noises. The obtainable exact station-
ary PDF solutions are highly restricted, or most various numerical
methods are limited to the systems under external Poisson excita-
tion. As a result, the effectiveness of the approximation methods
relies heavily on the level of system nonlinearity or the value of
impulse arrival rate of Poisson white noise. Another challenge is
that the PDF solutions are less investigated for the systems under
multiplicative Poisson excitation, especially for the systems under
multiplicative excitation on velocity. In this paper, the
exponential-polynomial closure (EPC) method originally devel-
oped for the systems under Gaussian excitations [31-36] is ex-
tended for the approximate PDF solution of nonlinear oscillators
under both additive and multiplicative Poisson white noise exci-
tations. In order to evaluate the effectiveness of this method for
the oscillators under multiplicative Poisson excitation on velocity,
an extended solution procedure is formulated and presented for
the approximate solution of the generalized FPK equation. Both
weakly and highly nonlinear oscillators under both additive and
multiplicative Poisson excitations are analyzed. In the numerical
analysis, the oscillators with either unimodal or bimodal PDF so-
lutions are analyzed with the EPC method and Monte Carlo simu-
lation. Compared with the simulation results, good agreement is
achieved with the presented solution procedure, especially in the
tail regions of the PDFs of the oscillator responses.

2 Problem Formulation

Consider the following nonlinear stochastic oscillator:
X + ho(X.X) = hj(X,X)Wj(t) (1)

where X e R and X e R are stochastic processes, SR denotes real
space; hg and h; are functions of X and X. These functions can be
either linear or nonlinear and their functional forms are assumed
to be deterministic; Wj(t) is the jth process of random excitation
and all Wj(t) are independent of each other. Furthermore, Poisson
white noise excitation is employed and formulated as

N(T)

Wit)= 2 ¥yt - 7) @)
k=1

where N(T) is the total number of pulses that arrive in the time
interval (—o¢,T]. Yj is an impulse amplitude of the kth pulse
arriving at time 7, for W(t) 4(1) is the Dirac delta function. In
this paper, N(T) is assumed to yield the Poisson law with a con-
stant average impulse arrival rate A;. The impulse amplitudes Y

are independent identically distributed random variables with zero
mean and also independent of the pulse arrival time 7,. When the
impulse arrival rate is constant and the impulse amplitudes are
identically distributed, the process becomes stationary [10]. Set-

ting X=x, and X=x,, Eq. (1) can be expressed as

{xl Xy (3)
X == hoxy,20) + hj(xlax2)Wj(t)

The response vector {x;,x,}’ is Markovian and the PDF of the
responses is governed by the following generalized FPK equation

[14]:
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where E[*] denotes the expectation of (). Furthermore, if only
the stationary PDF solution is considered, the term on the left side
of Eq. (4) vanishes and the generalized FPK equation is reduced
to be

Lo 0 ( 1 5 ﬁh) 1 5 5
+— | hg— =NE[Y ]h,—L +—)\EY h;
éxz{ 07N [Y;] iox, P [ ] ( P)

&xl

1 N | a7,
_ 3!)\jE[Yj][9x§(hjp) + 4')\jE[Y?]&x3(hjp)+ ..=0 (5
Because there are an infinite number of higher order derivative
terms in Eq. (5), it is difficult to obtain its exact solution if it is
possible. Here only the terms up to the fourth order derivative are
retained for analysis in view that the contribution of high order
terms is small to the whole equation. Hence

ap 9 ( 1 N ah-) 5 5
—xy— +— | hg— =N E[Y]h,—L +—)\EY —h
.X2(9x1 (9)62{ 0 2 J [ j] /(?.Xz P 21 j [ ] ( )

E[Y*]—(h )+ E[Yﬂi(hp) 0 (6)

3vf 4'1

It is assumed that the stationary PDF p(x, ,x2) of the responses of
the random oscillator is subjected to the following conditions:

plrx) =0 x,x, € R

lim plr,x)=0 i=1.2

xl-atoo

400 400
f f plxp,xp)dx dx, = 1

These requirements should be fulfilled by the PDF solution of the
oscillator expressed by Eq. (1). Generally, the exact solution of
Eq. (6) is not obtainable. Therefore, an approximate PDF sub-
jected to condition (7) needs to be formulated. Here the approxi-
mate PDF is expressed as an exponential-polynomial function of
state variables with the EPC method [31-36]. The approximate
PDF solution p(x;,x,;a) to Eq. (6) is assumed to be

™)

plxy,xy;a) = cenxixaia) (8)

where ¢ is a normalization constant. a is an unknown parameter
vector containing N, entries. The polynomial Q,(x,x,;a) is ex-
pressed as

Qn(xl’XZ;a) = 2 2 atjxll_Jxl2 (9)
i=1 j=0
which is an n degree polynomial in x; and x,. To fulfill condition
(7), it is required that

Q,(x1.x2;2) = (10)

where Q=|:m1—C10'1 sy +d10’1] X [mz—C20'2,WI2+d20'2] € %2 in
which m; and o; denote the mean values and standard deviations
of x;, respectively, (i=1,2). ¢; and d; are positive constants. The
values of ¢; and d; can be selected such that m;—c;o; and m;
+d,;o; locate in the tails of the PDF of x;. This means that the
approximate PDF is assumed to vanish beyond ).

Generally, the generalized FPK Eq. (6) cannot be fulfilled ex-
actly with p(x;,x,;a), because p(x,x,;a) is only an approxima-

-0 x,x &0
X2
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tion of p(x;,x,), and the number of unknown parameters N, is
always limited in practice. Substituting p(x;,x,;a) for p(x;,x,)
leads to the following residual error:

g 9 1 5 ah-)
—xy—+— | ho— =NE[Y7Ih—L |p
xzr?xl &x2{< 07 % ¥l iy )P

(h“)

A(xy,xy:a) =

1 3
SNV

+L>\ E[Yz] (th) ™

E[Y“] 4(h“ﬁ) (11)

4vf

By substituting Eq. (8) and the derivatives of p(x;,x,;a) with
respect to x; and x, given by Eq. (A1) in the Appendix into Eq.
(11), the residual error can be expressed as follows:

(12)

Because

A(xl,xz;a) = F(Xbxz;a)ﬁ(xhxz;a)

where F(x;,x,;a) is a function of Q,(x;,x;;a).
p(x;,x,;a) #0, the only possibility for p(x;,x,;a) to satisfy Eq.
(6) is F(x;,x,;a)=0. However, F(x;,x,;a) # 0 in general because
p(x;,x,;a) is only an approximation of p(x;,x,). In this case,
another set of mutually independent functions H(x;,x,) that span
space S™r can be introduced to make the projection of F(x;,x,;a)
on RMr vanish, which leads to

4o oo
f J F(x,xp5a)H(x,x)dxdx, =0 (13)
This means that the reduced generalized FPK equation is fulfilled
with  p(x;,x;a) in the weak sense of integration if

F(x;,x;a)H,(x,,x,) is integrable in }r. Selecting H,(x,x,) as

H,(x1,x5) = X} £ (x)) f(x2) (14)

where k=1,2,...,n; [=0,1,2,...,k and s:-(k+2)(k 1)+1+1;
N, nonlinear algebraic equations in terms of N, unknown param-
eters can be formulated. The algebraic equations can be solved
with any available method to determine the parameters. Numeri-
cal experience shows that a convenient and effective choice for
fi(x1) and f5(x,) is the modified PDF obtained with the EQL
method under Gaussian excitation with the intensity NE[Y?] as
follows:

1 2
fl(xl)=\27mexr>{—2x—(jzl} (15)
fz(xz) —

1 x%
——expl - —%
270, 20‘%

where =0y, and OQ=Fr0,,. 1 is a positive modification factor,
which controls the convergence of the solution procedure. Be-
cause of the particular choice for f;(x;) and f,(x,), the integration
in Eq. (13) can be easily calculated by taking into account the
relationships between higher and lower order moments of Gauss-
ian random variables.

(16)

3 Illustrative Example

Consider the following oscillator excited by both additive and
multiplicative Poisson white noise excitations:

X+ 2LwX + wg(aX+ £,.X°) = W, (1) + &,X W, (1) (17)

For this oscillator, hy=2{wX+wj(aX+&,X), hy=1.0, and h,

=g,X. W,(1) and W(¢) yield the form of Eq. (2) and are indepen-
dent of each other. With these expressions, the residual error ex-
pressed by Eq. (11) is given by Eq. (A2) in the Appendix.

In this paper, the pattern of the PDF distribution and the influ-
ence of the oscillator nonlinearity on the effectiveness of the pre-

Journal of Applied Mechanics

Table 1 Parameters in the illustrative example

Case a & Remarks
1 1 0.1 Unimodal PDF+weak nonlinearity
2 1 1 Unimodal PDF+strong nonlinearity
3 -1 0.1 Bimodal PDF+weak nonlinearity
4 -1 1 Bimodal PDF+strong nonlinearity

sented solution procedure are investigated with both additive and
multiplicative Poisson white noise excitations being considered.
The values of @ and &; are listed in Table 1. The values of other
parameters are kept unchanged for all the oscillators in the fol-
lowing examples and they are given as: {=0.05, wy=1, &,=0.1,
ME[Y?]=1, \E[Y'?]=0.1, and \;=\,=1. Y and ¥’ are Gaussian
with zero mean. Meanwhile, Monte Carlo simulation (MCS) with
a sample size 2 X 107 is also conducted for the simulation results.

3.1 Unimodal PDF and Weakly Nonlinear Restoring
Force. In this case, «=1 and &;=0.1. The nonlinearity of the
restoring force in the oscillator is weak and there is only one peak
in the PDF of displacement.

Figures 1(a)-1(d) present the comparison of the PDFs of dis-
placement and velocity obtained with MCS and the EPC method
(n=2, n=6). The numerical results show that the PDF obtained
with EPC (n=2) is close to that obtained with the EQL method or
Gaussian closure method in the case of Gaussian excitations with
the intensities \E[Y?] and N\,E[Y'?], respectively. Figure 1(a)
shows that the PDF of displacement obtained with the EPC
method (n=2) or the EQL method deviates significantly from the
simulation result. This deviation is more pronounced in the tail
region as shown in Fig. 1(b). When the polynomial degree in-
creases to 6, the obtained PDF of displacement with the EPC
method (n=6) is in good agreement with that obtained with
Monte Carlo simulation.

The behavior of the PDFs of velocity is shown in Figs. 1(c) and
1(d). Tt can be seen from Fig. 1(c) that the results from both EPC
(n=2) and EPC (n=6) are close to the simulation result. Improve-
ment can still be observed from the PDF obtained with EPC (n
=6) as shown in Fig. 1(d). This means that the PDF of velocity
looks close to Gaussian PDF but the non-Gaussian behavior and
improvement of the PDF obtained with EPC (n=6) can be ob-
served in the tail regions of the PDFs.

3.2 Unimodal PDF and Strongly Nonlinear Restoring
Force. Consider the oscillator with strong nonlinearity and uni-
modal PDFs of responses in this case and =1 and ¢;=1. Figures
2(a)-2(d) present the comparison of the PDFs of displacement
and velocity obtained with Monte Carlo simulation and the EPC
method (n=2, n=6). Compared with the case of weakly non-
linear oscillator shown in Figs. 1(a)-1(d), the PDF obtained with
EPC (n=2), in the case of strong nonlinearity, differs further from
the simulation result, especially in the tail regions as shown in
Fig. 2(b). On the other hand, the PDFs and logarithmic PDFs
obtained with the EPC method (n=6) agree well with the simula-
tion results for both displacement and velocity.

3.3 Bimodal PDF and Weakly Nonlinear Restoring Force.
If @<0 and &; >0, the PDF of displacement of the oscillator can
have a bimodal pattern. The oscillator with the bimodal PDF of
displacement is considered in this case by setting a=-1 and g,
=0.1. Figures 3(a)-3(d) show the results obtained with Monte
Carlo simulation and the EPC method (n=2, n=6). As Fig. 3(a)
shows, the PDF of displacement exhibits a distinct bimodal dis-
tribution. The PDF of displacement obtained with EPC (n=2) or
the EQL method deviates a lot from the simulation result as
shown in Fig. 3(a) and Fig. 3(b). On the other hand, the PDF of
displacement obtained with EPC (n=6) also exhibits a bimodal
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Fig.1 Comparison of PDFs in Sec. 3.1: (a) PDFs of displacement, (b) logarithmic PDFs of displacement,

(c) PDFs of velocity, and (d) logarithmic PDFs of velocity
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Fig.2 Comparison of PDFs in Sec. 3.2: (a) PDFs of displacement, (b) logarithmic PDFs of displacement,
(c) PDFs of velocity, and (d) logarithmic PDFs of velocity
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pattern and is in good agreement with the simulation result. This
agreement is still observed in the tail regions as shown in Fig.
3(b). In this case, the PDF of velocity obtained with EPC (n=6) is
also improved as shown in Figs. 3(c) and 3(d).

3.4 Bimodal PDF and Strongly Nonlinear Restoring Force.
An oscillator with the bimodal PDF of displacement is further
investigated in the case of strong nonlinearity by setting a=-1
and g;=1. In this case, the PDF of displacement obtained with
EPC (n=6) is still much improved compared with the result ob-
tained with EPC (n=2) or the EQL method as shown in Figs. 4(a)
and 4(b). The PDF of velocity obtained with EPC (n=6) is also
improved as compared with the result from EPC (n=2) or the
EQL method.

4 Conclusions

The EPC method originally developed for the PDF solution of
nonlinear oscillators under Gaussian excitation is extended for the
PDF solution of nonlinear oscillators under both external Poisson
white noise excitation and multiplicative Poisson white noise ex-
citation on velocity. From the above discussion and numerical
analysis, it is seen that the EPC method of n being 6 can provide
much improved PDFs of both displacement and velocity of the
nonlinear oscillators no matter if the PDF has the unimodal pat-
tern or bimodal pattern. The PDFs of the responses obtained with
the EPC method of n being 6 are in good agreement with the
results obtained from Monte Carlo simulation, especially in the
tail regions of the PDFs, which is important in reliability analysis.
The numerical analysis also shows that the PDFs obtained with
the EPC method of n being 2 are close to those obtained with
EQL method. Numerical results further show that the PDFs ob-
tained with the EPC method of n being 2 or the EQL method
deviate significantly from the PDFs obtained from Monte Carlo
simulation not only in the case of strongly nonlinear oscillator but
also in the case of weakly nonlinear oscillator, especially in the
tail regions of the PDFs of oscillator responses.
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Appendix

The derivatives of the approximate PDF p(x;,x,;a) (Eq. (8))
with respect to x; and x, are given as follows:

P90
(9)61 &xl
9P _ 90
&X2 B &)C2
Fp_|(9Qu)* | PO |-
o=\ ) TP
0x; 0x; 0x;
7p_ (3_@1>3+39_Qn02Qn+0*’Qn 5
ﬁx% aXQ 5x2 (9)6% (9)(; P
Ip | (9Qu\" . [9Cu\}FCu [ FCu\ . 30,0,
=\ ) 6l — | 5 +3| | +4 T —>
0x, 29) dx, ) x5 0x; 0xy 9x;
70
+ =P Al
P p (A1)

Given that Y and Y’ are Gaussian distributed with zero mean and
the above relations, the residual error expressed by Eq. (11) can be
further expanded as shown below.
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ap d 1
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(9)61 (9.X2 2
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